TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 273, Number 1, September 1982

COHOMOLOGY OF NILMANIFOLDS AND
TORSION-FREE, NILPOTENT GROUPS
BY
LARRY A. LAMBE AND STEWART B. PRIDDY

ABSTRACT. Let M be a nilmanifold, i.e. M = G/D where G is a simply connected,
nilpotent Lie group and D is a discrete uniform, nilpotent subgroup. Then M =
K(D,1). Now D has the structure of an algebraic group and so has an associated
algebraic group Lie algebra L(D). The integral cohomology of M is shown to be
isomorphic to the Lie algebra cohomology of L(D) except for some small primes
depending on D. This gives an effective procedure for computing the cohomology of
M and therefore the group cohomology of D. The proof uses a version of form
cohomology defined for subrings of Q and a type of Hirsch Lemma. Examples,
including the important unipotent case, are also discussed.

Let D be a finitely generated, torsion-free, nilpotent group of rank n. Then the
upper central series of D can be refined so that the n successive subquotients are
infinite cyclic. Thus D =~ Z" as sets and P. Hall [H] has shown that in these
coordinates the product on D is a polynomial function p. It follows that D can be
viewed as an algebraic group and so has an associated Lie algebra constructed from
the degree two terms of p. The purpose of this paper is to study the integral
cohomology of D using this algebraic group Lie algebra.

Although these notions are purely algebraic, it is helpful to work in a more
geometric context using A. Malcev’s equivalence [M] between the category of finitely
generated, torsion-free, nilpotent groups and the category of nilmanifolds; i.e.,
compact manifolds of the form M = G/D where G is a simply connected nilpotent
Lie group and D is a discrete subgroup. It follows that D is nilpotent, finitely
generated and torsion-free. Moreover, M is an Eilenberg-Mac Lane space K(D, 1).
Conversely given such a D, Malcev has constructed a simply connected nilpotent Lie
group Dy such that Dg /D is a nilmanifold.

In 1954, K. Nomizu [N] established an isomorphism

H*(G/D;R) ~ H*(£(G))
between the real cohomology of G/D and the cohomology of the classical Lie

algebra £(G) of G. In seeking to extend this result to include torsion, we replace
£(G) by its generalization, the algebraic group Lie algebra (1.8) of D. Our main
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result, Theorem 4.1, then says that for a large class of groups D, Nomizu’s result
continues to hold integrally except for certain initial primes for which we give a
bound depending on D.

Nomizu’s proof uses de Rham cohomology of differential forms and generalizes to
rational cohomology using Sullivan’s theory [Su]. The analogous integral version of
de Rham cohomology developed by H. Cartan [C] and E. Miller [Mi] uses the forms
with a certain grading depending on the “size” of the form; unfortunately the forms
of a nilmanifold are not graded in this sense. This is the basic difficulty which forces
us to use a filtered version of form cohomology defined over subrings Q, =
Z[1,1,..., 1] of Q. Cenkl and Porter [CP] have developed such a theory for cubical
cohomology but for our purposes it is more useful to modify Cartan’s theory since it
holds for an arbitrary simplicial set. Another difficulty is the lack, in general, of a
natural integral Lie algebra associated with D. There are, of course, numerous
graded Lie algebras associated with various filtrations of D, but these can only be
expected to relate (via spectral sequences) to an associated graded version of the
cohomology of D.

The paper is organized as follows: The basic structure of nilmanifolds and
torsion-free, nilpotent groups is described in §1. The algebraic group Lie algebra is
contructed as well as other Lie algebras used in the paper. An explicit formula for
the transgression is given when a nilmanifold is expressed as a sequence of principle
S'-bundles. In §2, we exhibit the invariant differential forms and vector fields
associated with a nilmanifold. The chain complex of right invariant forms is seen to
coincide with the chain complex for computing the cohomology of the algebraic
group Lie algebra. A version of form cohomology with coefficients in Z[3, 1,..., 1]
is developed in §3. In §4, we prove the main Theorem 4.1 by induction on the rank
of D, using the theory of §3 and a type of Hirsch Lemma. In §5 we show how
choices of canonical bases give rise to naturality in the isomorphism of 4.1. §6 is
devoted to calculations and examples including the important unipotent groups.
Finally in §7, we consider other Lie algebras which one may associate to torsion-free,
nilpotent groups.

1. Structure of nilmanifolds. In this section we record some fundamental facts
about nilmanifolds, torsion-free, nilpotent groups, and their associated Lie algebras.
Basic references are Malcev [M], P. Hall [H] and Serre [S].

1.0 DEFINITION. A nilmanifold is a compact manifold of the form M = G/D
where G is a simply connected nilpotent Lie group and D is a discrete subgroup. It
follows that D is finitely generated, torsion-free and nilpotent [M].

1.1 EXAMPLE. A good generic example is G = U,(R), the unipotent group over R
(upper triangular matrices with ones down the diagonal). In this case D = U,(Z).

1.2 Exponential map. The exponential map for G is a global diffeomorphism, i.e. G
is a euclidian space. Thus M is a K(D, 1) with D = o M.

1.3 Rank. There is a refinement D=D, D D,D ---D2D,DD,,, =1 of the
upper central series of D with D,/D,, | =~ Z for all i. The integer n is called the rank
and is an invariant of D [H].

1.4 Canonical basis. If {u,,...,u,} C D is chosen so that D, = (D,,,, u;) then
each element of D is uniquely expressible as uj'u3»---ul", x; € Z. The set
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{u,,...,u,} is called a canonical or Malcev basis and a choice of such basis defines
an isomorphism D ~ Z" as sets [H].

1.5 Polynomial multiplication. Using a canonical basis the multiplication on D
takes the form

ufuz? - ulnc ududr - uln = ufu(x,y)ugz(x‘y) e uﬁ"("'”

where p;: Z" X Z" - Z is a polynomial function over Q for 1 < i < n. Furthermore,
(H]

pi(x, y) =x; +y +1(x X Vi dict)-

EXAMPLE. In the unipotent case, D = U,(Z) has canonical basis {u,;: | <i <j<n}
where u,; agrees with the identity matrix, except the (i, j)th entry is 1. In this basis
D~ (Z", p) where N = n(n — 1)/2 and (X, ¥) = x;; ¥ T ZickaiXik Vi)

REMARK. It is known [St] that every polynomial function f: Z" - Z in C[x,,...,x,]
is an integral linear combination of monomials

Xi, Xi, xi!
no\n, T,
where 1 <i, <m and r;, =0 are integers satisfying r, < degree of x;, in f. For
example, let D be the group (given in terms of generators and relations)
D = (uy, uy, uy, uy: (uy, uy) = uy, (g, u3) = ug, (uy, u3) = 1, (u,uy) = 1)
where (x, y) = x7'p~'xy. Then D is a finitely generated, torsion-free, nilpotent

group and {,,...,u,} is a canonical basis. Using the relations one can easily see
that the corresponding p; are

p(x,y) =x,+y, i=12,
Ps(x’ y) = X3ty = X0,

y
p4(x, V) = X4ty X300 +x2( 2‘)

1.6 Extension of rings. A choice of canonical basis defines a group isomorphism
D ~ (Z", p) where p = (p,, p,,-.--,P,)- Thus by extending the domain of p we may
define Dy = (R", p) for various rings R. For example this makes sense for R C Q or
R = R since in these cases r € R, m € Z implies (},,) € R. Since the group axioms
for (Z", p) express themselves as polynomial relations, Dy is also a group. For
R = Q, Dy is the localization at O or rationalization and for R = R, Dy is the real
completion. In 1.1, U(Z)q = U,(Q) and U(Z)g = U,(R).

1.7 The nilmanifold associated to D. Given a finitely generated, torsion-free,
nilpotent group D, then D is a subgroup of the simply connected Lie group Dy and
M = Dg/D is a nilmanifold. Conversely if we are given a nilmanifold M = G/D
then G ~ Dy, as Lie groups and M is diffeomorphic to Dg/D.

1.8 Algebraic group Lie algebras. Let R C Q be the subring generated by the
coefficients of p, where D =~ (Z", p) as in 1.6. By considering p, as an element of
R[x,,...,x,, ¥;,--.,,] we see that a choice of canonical basis gives R” the structure
of an affine algebraic group over R [Hu, §7]. In general, if R is any commutative ring
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with 1, such a structure consists of an n-tuple p = (p,,...,p,) Where p, €
R[x,,...,X,, Y1»--->y,] such that

1. p(x,0) = p(0, x) = x (0 is the identity),

2. p(p(x, y), z) = p(x, p(y, z)) (associative law).
In this case there is a unique ® € R[x,,...,x,] such that ®(0) = 0 and

3. p(®(x), x) = p(x, ®(x)) = 0 (unique inverse).

If we set [x, y] = b(x, y) — b(y, x) where b is the homogeneous degree 2 term of
p then p(x, y) =x +y+ b(x, y) + terms of degree =3 and [-, -] satisfies the
Jacobi identity

[x, [y, 21 + [y, [x, 2]] +[z,[x, y]] = 0.
Thus any such p over R gives rise to an associated algebraic group Lie algebra, which,
in our case, we denote by Lg(D). The underlying R-module structure of Lg(D) is
R" = R & - - - ®R with bracket as defined above. Since we use none of the theory of
algebraic groups, the reader could equally well consider these objects as formal
groups and formal Lie algebras respectively. A concise treatment of their properties
appears in Serre [S, LG 18].

When the coefficients of p are integers (e.g. if D = U,(Z)) then we obtain an
integral Lie algebra. In any case tensoring with Q and R we have the rational Lie
algebra Lo(D) = (Q",[-, -]) and the real Lie algebra Lg(D) = (R",[-, -]). Since the
nilmanifold M = Dy /D is determined by D all of these Lie algebras could equally
well be thought of as associated to M. This point is clarified in 1.9.

1.9 Relations with the Lie group Lie algebra. Let X( N ) denote the vector fields on a
manifold N and let G = Dyg. Then the classical Lie algebra £(G) can be identified
with X ;(G), the right-invariant vector fields on G.

LEMMA. £(G) ~ Lg(D) as Lie algebras.

PrOOF. Let T)(G) denote the tangent space at the identity. If X is a vector field,
let X, denote its value at 1. Then X+ X, defines an isomorphism £(G) > T,(G)
with inverse v > & where 6(f)(g) = v(fe r,) and r,: G — G is right multiplication
by g. Now G is diffeomorphic to R” (see 1.2) so X;(G) C X(G) =~ X(R") and
T(G) = Ty(R"). Thus X;(G) has a basis {E,,...,E,} where

E;(f)(x)=(3/3y)|o(foro)
If we write E, = 2/_,a,,(3/3x,), a,; € C*(G), and let e": R" > R denote the ith

coordinate function then

a,(x) = E(e)(x) = 5| (e'0r,) =2

Yilo 3y,

Thus

da,, day; |
[Ei, Ej] — E (aﬂ axi - asjwj) 5—5

and evaluating at 0 we get

da,

[Ev El,= % ( ax

(0) —%“(0))%

i

0
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However (da, ;/9x;X0) = (3/9x,) |o(3/3y,) |opi( ¥, X) = by(e;, €;) where e, denotes
the standard basis vector and b(x, y) = (b\(x, y),...,b,(x, y)) is the homogeneous
degree two part of p. Thus £(G) and L (D) have the same structure constants up to
a minus sign.

1.10 Extension cocycle. Consider D =~ (Z",p) as in 1.6. Let z = (e,) where
e, = (0,...,1). Then Z ~ Z and we have a central extension

1-Z->D->D-1
where D is obtained by projecting the last coordinate of Z" to 0, i.e. for x, y € Z" !
2, (x,¥) = 0,((x,0),(»,0)) = x, + 3, + 7(xp50 0, X 1, Prseeodic1)s
1 <i<n— 1(see 1.5). Furthermore D X D 5 Z is the cocycle of this extension.

1.11 Nilmanifolds and principal S'-bundles. From 1.10 we obtain the principal
S'-bundle

s'=R/Z - Dg/D
!
Dg/D
classified by 7,: E_R/ﬁ - K(Z,2), where we identify H*(Dg/D; Z) with the group

cohomology H?*(D; Z). Iterating this procedure decomposes the nilmanifold M =
Dyg/D as a tower of principal fibrations

S' - M= M

)

S' - M,_, K(Z,2)

W) !
s' - M, 2 k@2

s' - M, S K(Z,2)

. L k@)

Conversely given such a tower we obtain a finitely generated, torsion-free, nilpotent
group D = 7 (M). It is also clear that D, = = (M, ,,_;) is the refinement of the
upper central series of D of 1.3.

REMARK. In theory, H*(M) can be computed from tower (1) since the Serre
spectral sequence for a circle fibration reduces to a simple Gysin sequence. In
practice, however, one encounters multiplicative extension problems very quickly
and the process breaks down. Hirsch [Hi] has shown this phenomenon is related to
nontrivial Massey products. In a sense, the main result of this paper (Theorem 4.1)
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says that under certain conditions the E, terms of these Serre spectral sequences can
be combined into a single complex for computing H*(M).

2. Invariant forms and Lie algebra cohomology. For the remainder of this paper we
shall assume that D is a finitely generated, torsion-free, nilpotent group of rank n
and that by a choice of canonical basis we have D ~ (Z", p) as in 1.4 and 1.5. Then
G = Dy is the Lie group obtained by completion as in 1.6 so that M = G/D is a
nilmanifold.

In this section we determine the right invariant forms A%(G) on G. It is classical
that the chain complex A¥(G) computes the real cohomology of the Lie algebra
£(G). We show that after extending the ground ring, the chain complex for
computing the cohomology of the algebraic group Lie algebra Lg(D) of 1.8
coincides with A(G).

2.1 Invariant forms. Let E; = 3, a,(3/9x;), where a; ;(x) = (3/3y;) |o(p:( ¥, X)).
We have seen (1.9) that {E;}/_, is a basis for the right invariant vector fields X ;(G)
on G. The matrix 4 = (a;;) of C*°(G) functions is upper unitriangular, in fact, from
the expression for p in 1.5 we have

a9y,

J

i+ x 1 (oo Xpseeox0)) i<
0

Thus E; = 9/3x; + a; ;,,(3/9x;,,) + --- +a, ,(3/0x,). Now consider the 1-forms
on G defined by

g = 2 ; jdxi
i=1
where w,;;(x) = (3/3;) |o(p,( s x7')). This is the right invariant 1-form whose value
at x is given by ¢;(x) = r*i(dx’) where r,- is right multiplication by x~'. Then
{g;}}=1 is a basis for A'5(G), the right invariant 1-forms of G. Furthermore if
W = (w;;) then W = (A7")" and so W is lower unitriangular

g = wy;dx, + wydx, + -ty dx; | +dx;.

2.2 Descent. (Z", p) has canonical basis {e;}/-,. Let R be the subring of Q
generated by the coefficients of p as in 1.8. Then Lg(D) = (R",[-, -]) has structure
constants

n
[ei’ej] = 2 Cik,jek
k=1

where ¢} ; = bile;, ;) — by(e), e;). Dualizing we have the Koszul complex
(A*(Lg(D)*), d), a DGA with A*( Lg(D)*) the k th exterior power of the dual space
La(D)* = Hom g( Lg(D), R). The differential is given by

dek= 3 c,.",jei A e’

1<i<j<n
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where {e’}/_, is the dual basis to {e;} and d is extended as a derivation. The
homology of (A*(Lg(D)*), d) is the cohomology of the Lie algebra Ly(D) [CE].

The structure constants of the Lie algebra £(G) = X ;(G) in the basis { E;} are the
ck ; (see 1.9). In this sense we have a reduction of the Lie algebra to R. Furthermore,
if (A*(G), d) denotes the de Rham complex of G then (A%(G), d) is a subcomplex
consisting of the right invariant forms on G. Choosing the basis {¢;} of 2.1 we have
that d is the unique extension of

deg= 3 clg g
I<i<j<n
as a derivation where the c{f ; are the same as those above. This is the classical
Maurer-Cartan formula [Cv]. In this sense we have the reduction of (AE(G), d) to
the ring R which we denote by (A*(G: R), d), and an isomorphism of DGA’s over
R,
(A*(G: R), d) ~ (A*(Lg(D)*), d).

2.3 Form weight. It will be useful in subsequent sections to assign to each k-form
w € N%(G), an integer which reflects its polynomial weight. By 2.1 the basis {e,} for
A';(G) consists of forms with polynomial coefficients

g = wdx; + wydx, + o0ty dx; ) todxg,

w;; € R[x,...,x,]. Thus the basis g N --- Ng; for N;(G) consists of forms with
polynomial coefficients, say

w=¢g N Ney = 2 pi(xy5n0,x,) dx; A Ndx

The form weight s of w is s = k + [ where k is the largest polynomial degree of the
pi(xy,-..,x,). The maximum form weight of G with respect to (R", p) is defined to be
max{form weight of w = ¢, N\ --- Ag, |1 <k <n}.

ExAMPLE. To illustrate these ideas we shall compute the invariant 1-forms and the
maximum form weight of the unipotent group using the canonical basis {u,;:
1 < i <j < n} given in the example of 1.5.

From 2.1 we have a basis for the invariant 1-forms of U,(R) given at x by
g, ; = ri(dx;;). Hence by linearity of matrix multiplication ¢; ; = (7 A%, -
By an easy computation,

(x)i; = 2D x5, Xy, X,
r
where the sum is taken over all pairs (i,, j,) such that i\ =i, j,=j, j,= i,
by <Ju
PROPOSITION. The maximum form weight of U, (R) is n(n — 1) /2.

PrOOF. Let G, = U,(R). Then the proof proceeds by induction on n, the result
being clear for n = 1. Consider the semidirect product

0-R" =G, >G,~1

where 7 is projection on the first n rows and columns. It follows that
A’&,,H(Gn-i—l) ~ AE,,(Gn) ® A(sl.n+l" . ’en,n+l)‘
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Thus assuming the result for n, we are reduced to proving that the maximum form
weight of A(e ,415---,8,,41) Is n. Now the total form degree of w =¢; , .,
A -+- Ng ,41 18 k plus the largest polynomial degree (in the x; ;’s) of the k-minors
of x~! [MB,Lemma, p. 564]. However, if det A is a k-minor of x~! then
det A = det B where B is the n — k square matrix consisting of the rows (resp.
columns) of x complementary to the columns (resp. rows) of x~! which form det 4.
This follows from the classical Jacobian Identities [G, p.191]. Thus the maximum
form weight of wisk + n — k = n.

3. Form cohomology. Let Q, = Z[%, 4, 4,..., 1]. We shall use results of Cartan [C]
to compute H*(X;Q,) from a complex of “forms”. Let I'(4y,...,?,) denote the
divided power algebra over Z and let

B(p) =T(tg,....1,) ® A(drg,....dt,)/ (Sdt,)

be the DGA with dy,(t;) = v,—,(¢,) dt;, d(dt;) = 0 and grading |¢;|= 0, |dt;|= 1.
The submodule of grading ¢ will be denoted by B(p)?. Note B(p)? =0 if p <gq.
Letting ¢t = Zt; we have an isomorphism

B(p) ~T(t)®I(1,,...,1,) ® A(dr,,...,dt,)

where df = 0 is understood. Since I'(¢),...,7,) ® A(dty,...,dt,) is the classical
Koszul complex, it is acyclic on Z [CE]. Thus B(p) is acyclic on I'(¢), ie.,
H°B(p) =T(1), H'B(p) = 0, ¢ > 0.
Elements w(¢,...,t,) € B(p) may be considered as differential forms on the
standard p-simplex A , in the obvious way. (A , is the convex hull of e}, e,,...,€,,.)
B(*) can be given the structure of a simplicial DGA with face and degeneracy
DGA maps

dw(tgs---nt,) = w(tgsenstim 1,0, 84,01, 1),

5;:0(2gsest,) = 0(tose sty i by gyl yyy)

for0<i<p.

B( p) admits another grading; the form weight s of v, (¢)v;(t,) - - - v, p(tp) i ---dr,
is defined to be s = Z2_, i, + /. This notion is compatible with the form weight of
2.3. Then B(p) = ®,.,B(p), where B(p), is the DG Z-module spanned by all
monomials of form weight s. Furthermore, B(x) = @ __, B(»), is a direct sum of
simplicial submodules.

Let B(p,r) = ®@._,B(p), then B(p, r) is a DG Z-module acyclic on I'(¢, r) =
@!_, I(t) where I'(¢) ~ Z is generated by y,(¢). Now let

Q.(p) =[B(p,r)/(1—1)B(p,r—1)] ®Q,.
If v(t) € Q,(p) then s <r hence y,(t) = 1/s'€ Q,. Thus a Q, basis for Q,(p)
consists of monomials v, (¢,) ---y,»p(t,,)dtjI ---dt; of total form weight s <r and
J. = 1. Clearly Q,(*) inherits the structure of a simplicial DG Q,-module.
3.1 DEFINITION. Let X be a simplicial set and define the DG Q,-module Q,( X) by
Qi(X) =5(X,Q,(+)7)

where &(-, -) denotes maps of simplicial sets.
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3.2 THEOREM. There is a natural isomorphism

HYQ/(X)) ~ H*(X;Q,), k=<,
=0, k>r.

PROOF. The proof consists of showing that Q,(*) satisfies Cartan’s Axioms (a) and
(b"). The result then follows from Cartan [C, §6].

Let Z9Q(p) = kerd: Q(p)* - Q(p)*"".

3.3 LEMMA (AXIOM (a)). Q,( p)* is acyclic on Q, and Z°Q (*) is simplicially trivial
(i.e. all 9, = s; = id).

PROOF. Since B( p, r) is acyclic on I'(g, r) and since localization preserves exact-

ness, the first result follows from the long exact sequence in cohomology induced by
the exact sequence of DG modules

(1) 0-B(p,r—1)®Q, = B(p,r)®Q,~Q,(p)—0.

The second result is clear since Z°B(x, r) = T(¢, r) is simplicially trivial. O

3.4 LeMMA (AxioM (b). mQ.(*)7 and 7, Z7Q/*) are zero for k # q and
m Z7Q,(*) = mQ,(*) is surjective with the kernel a direct summand as Q,-modules.

PROOF. First we compute 7,Q,(*)? and 7, Z7Q,(*). Cartan [C, p. 270] has shown

2 mB(+)'~Z, k=g,
(3) mZ'B(+)'~DT(1), k=g,
s=q
with the remaining groups being zero for k # q. In (2), dt, - - - dt , is a generator (1 is

a generator for ¢ = 0) and multiplication by dt, is an isomorphism
dt _,dr
(4) WOB(*)O;:')TIB(*)I : :Wq_‘B(*)q ! iWqB(*)q: cee

In (3), y,_,(¢)dt, ---dt, is the generator corresponding to y,(¢). Thus from the
definition of B(*, r) we have

(5)

m B(x,r)'~Z, k=gq<r,
=0, k#*qorg>r,

mZB(x, )"~ D), k=q<r,
(6) $=9
=0, k#*qorg>r,
(in fact B(x, r)? = 0if g > r).
For fixed ¢ and variable p, (1) is a Kan fibration since it is a short exact sequence
of simplicial groups. Further ¢+ = 0 in m, B(*, r) and multiplication by ¢ commutes
with multiplication by d¢, in (4). Thus from (1) and (5) we have

(7) Wer(*)q ~ Qr’ k= q=r,

=0, otherwise.
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Since B( p, r) is acyclic, it follows from (1) that
X(1—1)
0-ZB(x,r—1)®Q, - ZB(x,r)®Q,- ZQ,(x) -0

is exact. Furthermore it is easy to check that the correspondence y,_ (¢,) dt, - - - dt
> v,(#) commutes with multiplication by ¢, hence by (1) and (6) we have

m29Q,(*) =Q,, k=q<r
=40, otherwise.
Finally the map 7, Z9Q,(*) —» m,Q(*)? is clearly onto with kernel a direct summand
since the only nonzero case is k = ¢ = r where an isomorphism holds. This com-
pletes the proof of Lemma 3.4 and hence of the theorem. [J
If Y C X is a subsimplicial set, let Q¥(X, Y) be the kernel of Q*(Y) — Q¥(X).
Then Q¥*( X, Y) is a DG Q,-module. Furthermore,

q

3.5 PROPOSITION. If Y C X and dim X < r then
0-QX,Y) - QxX) - QxY)~0
is exact.

PrOOF. Except at Q*(Y), exactness is clear by definition. By (7), 7, Q,(*) =0
unless ¢ = r in which case Q,(x)" = K(Q,,r). If f: Y - K(Q,,r) is a map of
simplicial sets then f extends over X by ordinary obstruction theory since dim X < r
implies H'*\(X,Y;Q,)=0. O

3.6 REMARK. Let r - oo and set Q_ = Q. Then QX (X) is Cartan’s simplicial
version of Sullivan’s rational de Rham theory [C, p. 265]. In this case H*(Q( X)) =
H*(X; Q) as rings.

4. The main theorem. Let BD be the simplicial classifying complex of D. Our goal
is to construct a map of DG modules

k: A*(G; Q,) - QF(BD)
inducing an isomorphism in cohomology. Here r is chosen so that Q, D R, the

subring of Q generated by the coefficients of the multiplication p (see 1.8).
We shall use the simplicial model for BD defined by BD, = 0, BD, = D? with

(d,.....d,), i=0,
0(d,,....d)) =4(d,.....dis\d;s....d)), 0<i<p,
(d,-\.....d)), i=p,
(dp, d,,O) i=0,
sid,.....d)) = 1(d,,....dis1,0,d,,....d,), 0<i<p,
(O,d .dy), i=p.

To relate BD and G/D we construct a family of compatible maps {$(d):
A, - G/D} indexed by d = (d,,,...,d,) € BD,. Fors € Rletsd = (sd,,...,sd|) €
G and define

5(dyy.. d)tor-nt,) =81(-8,-1((5,4,) - d,-,) -~ d,)
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where 3,,...,8, are the cone coordinates
s, = —tg— =)/ (L—tg— - —4,,).

Similar maps have been defined, e.g. [ST]. Our map § is chosen so as to minimize
form weight.

The multiplication p is said to be semilinear if p/(x, y) = x; +y, + Z,x,p,(y)
where p,(y) is a polynomial in the variables y,,...,y;_,. In particular, this includes
those p with terms of degree at most two.

All of the examples considered in this paper are semilinear and it is important to
note that in this case 3(d )(¢) is a linear function of the 7,.

Initially we define k: A*(G; Q) - Q¥ (BD) over Q by k(w)(d) = 8(d)*(w), the
pullback of w to A,. It is straightforward to check that x(w): BD — Q(x) is a
simplicial map and hence an element of Q% (BD). Furthermore since pullbacks
commute with differentials and products, kd = dk and k(ww’) = k(w)K(w’).

To state our main result we assume p is semilinear. We also assume r = Z r; where
r; is the form weight of ¢,, the basic invariant 1-forms of G (see 2.3).

4.1 THEOREM. k restricts to a DG module map «k: A*(G;Q,) —» Q¥(BD) which
induces an isomorphism in cohomology. Hence

H*(Lo(D);Q,) ~ H*(BD;Q,).
The rational version of Nomizu’s theorem [N], [Su, Theorem 8.1] is

4.2 COROLLARY. Let r = oo. Then « induces an isomorphism of cohomology rings
over Q.

PROOF OF THEOREM 4.1. k restricts as stated since the maximum form weight of G
is < r and 8(d)* is linear. Now using the refinement (1.3) of the upper central series
of D

(1) D=D,D>D,D>---DD,DD,,, =1,
we can build up D by a series of central extensions

) 0-Z-D(k)SD(k—1) -1

where D(k) = D/D, ., so that D(1) = Z, D(n) = D. Let G(k) = Dg(k) be the real
completion of D(k) and set s, =r, + --- +r,. Since BD(1) = S, the theorem is
easily seen to be true for D(1) with QF(-) replaced by Q,(-) ® Q,. For k — 1, we
assume
k: A*(G(k = 1);Q,) ~Q,,_(BD(k — 1) €Q,
induces an isomorphism in cohomology. Upon completion, (1) yields
R-G(k)SG(k—1)

and by 2.1, de, = 7*(w) where w is a G(k — 1) invariant 2-form. Now consider the
chain complex [Q} (BD(k — 1)) ® Q,] ®, A(¢;) with de, = k(w). We shall con-

sider this complex as associated with the principal bundle

3) S'~ BZ > BD(k) 2 BD(k — 1)
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induced by (1). To define the desired equivalence let p: [Q} (BD(k — 1)) ® Q,]
®, A(g,) — Q¥(BD(k)) be the composite

[Q% (BD(k— 1)) ® Q] ®,A(s,)
T 01, (BD(K)) ® Q] ©[Q4(BD(K)) © Q]  QH(BD(K))

where A is induced by the product of forms.
4.3 LEMMA (HIRSCH LEMMA). p induces an isomorphism in cohomology.

PrOOF. The proof proceeds by induction on the cells of the base in (3). Assume
the lemma for B C BD(n — 1). Since p is natural we have

0 < [Q (B)®QJosA(e) «— [Qf_ (AU B)®Q,]®4 A(e,)

lp lp
0 - Q:(B77'(B)) - Q:(Bn7'(a4 U B))

- [Q’;,,,,|(Ak U B, B) ® Qr]®(l A(S,,) < 0

ip
- Q:(B77'(A, U B, B)) - 0

Now Bz '(A, U B, B)=(A, U B, B) X S' and i*(x(e,)) is a closed 1-form
which represents a generator of H'(Q(BZ)® Q,)~ Q, for s= 1. The result
follows from the Kiinneth Theorem and the five lemma.

To complete the proof of the theorem, we note that

AX(G(n);Q,) = A*(G(n —1);Q,) ®,A(e,) where de, € A*(G(n — 1);Q,).

Thus « is the composite

A*(G(n—1);Q,) B, Ale,) "> [Q2_(BD(n—1)) ® Q,] ®,A(e,) - Q,(BD(n))

and k ® 1 induces an isomorphism in cohomology by (2) and the comparison
theorem for spectral sequences [Mc, Chapter XI, Theorem 11.1].

5. A naturality result. In this section, we show how a choice of canonical bases for
finitely generated, torsion-free, nilpotent groups D and E gives rise to an explicit
description of any homomorphism f: D — E as a polynomial function which may be
used to describe the various localizations of f. We also classify the homomorphisms
from D to E in terms of Lie algebra maps and use this to show a certain naturality in
the isomorphism 4.1.

5.1 Explicit description of a localization functor. Suppose D ~ (Z", p) and E =
(Z™, m) with respect to canonical bases {u,,...,u,}, {v,,...,0,} asin (1.6).

If f: D - E is a homomorphism then

fuf ) = fQu)™ - fu,)™
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so that f is uniquely determined by f(u;) = ofu - ofm, f,€Z 1f pp: E-E
denotes the kth power map p,(x) = x* then by using {v,,...,v,} we have that p,:
Z™ - Z™ is a polynomial function with p,(x) = kx + terms of degree =2 [S,LG
4.19]. Also (1.5) gives n(x, y) = x + y + terms of degree = 2.

Combining these facts we see that f: Z" — Z™ is represented as a polynomial
function f(x) = (fi(x) - - - f,.(x)) where f(x) = Zi_, f,;x; + terms of degree > 2.

Thus if R is the subring of Q generated by the coefficients of p or n and R is any
ring such that R C R C Q or R = R, then we have the induced homomorphism fy:
D; — Ej; where fz is the polynomial function given by the same polynomial as f (in
the choice of canonical bases). When R = R, fg is also a Lie group map. This
construction is functorial and when R C Q, it gives a description of the usual
localization functor.

5.2 The induced Lie algebra map. Let D, E, p, 7, f, R be as in 5.1. We have the
algebraic Lie algebras Lz(D) and Li(E) as in 1.8 and we have the functor L which
assigns a Lie algebra map L(f): Lz D) - Li(E) to any group homomorphism f:
Dy — E; where L( f) = linear part of the polynomial function f.

5.3 PROPOSITION. L is a bijection from the set of group homomorphisms D — Ej to
the set of Lie algebra homomorphisms Ly D) — Li(E).

PROOF. It is enough to show that if ¢: Lz(D) — Li(E) is a Lie algebra map, then
there is a unique group homomorphism f such that L(f) = ¢. Thus suppose
o(e;) = 2L, ¢,,€; where e,, e; denote the standard basis vectors. Define a function f:
Dy — Ej by setting f(u;) = v$v0$% - - - 0% and then

fluruzz - uyr) = fQu) fuy) ™ - f(u, )™

We are done if fis a homomorphism since f is a polynomial function with linear part
é; but we have a smooth map of manifolds f: Dg — Eg given by the same
polynomial that gives f and since these manifolds are just Euclidean spaces, the
derivative of f at the identity is just the linear part of f, which is just ¢ ® R. But
since ¢ ® R is obviously a Lie algebra map, f must be a Lie group homomorphism
[V,p. 171] and hence f = f| p; is @ homomorphism. O

5.4 COROLLARY. If p and m have integer coefficients, then
L
[D’ E]Gp - [LZ(D)’ LZ(E)]Liea]g

is a bijection.

5.5 Naturality. Let f: M — N be a map of nilmanifolds. Then the homomorphism
fe: mM =D — E=aN induces a map g = f,gp/f.: M =Dg/D - Eg/E=N.
Since M and N are K(m, 1) spaces, f =~ g. Thus for cohomological considerations we
may assume f =g and then by L(f) we mean L(f,q ) of 5.2 where Q, is the
subring of Q generated by the union of the rings corresponding to M and N as in
Theoem 4.1.
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PROPOSITION. If f: M — N is a map of nilmanifolds, then under the assumptions of
Theorem 4.1

H(Lo(M)) "L B (Lo(N))

K~ K~
f
H*(M;Q,) <«  H*N;Q,)
commultes.

PrOOF. The naturality of k implies the commutativity of

A*(Dg;Q,) <« A*(Eg;Q,)
s Ik
Q:(BD) <  Q¥(BE)
The proposition follows using the isomorphism A*(Dg; Q,) =~ A*(Lo(D)*) of 2.2.

6. Calculations.
6.1 Generalized Heisenberg group. Let k be a fix integer and let

1 x, x3/k
Uk)=310 1 x5 |:x,€Z;.
0 0 1

Then Uj(k) is a torsion-free, nilpotent group with a canonical basis given by

1 1 0 1 0 O 1 0 1/k
u|2 = 0 1 0 ’ u23 = O 1 1 > u]3 = 0 l O .
0 0 1 0 0 1 0 0 1
Thus Uy(k) = (Z3, p) with
p1X, y) = X3+ yi2s Pua(x, ) = Xp5 + 123, P13(X, ¥) = x5+ yi3 + kxyp pps.

The algebraic group Lie algebra L(Uy(k)) has as Z-basis {u,,, u,3, )3} with
[4,,, up3] = ku,;. In this case, a simple computation shows that as rings

H*(Us(k)§ Z) ~ H*(LUa(k)i Z) = A[OIZ’ 03, U303, 023013]/ (k012°23)

where v, ; corresponds to u,; in the dual basis.
6.2 Generalized unipotent group. Let k, | be fixed integers and let

1 x, xi3/k x/kl
D=U/(k,1)= g (1) x123 x2/1 ix;; € Lt.
X34
0 O 0 1

Then D is a torsion-free, nilpotent group of rank 6. A canonical basis is given by
{u;;: 1 <i<j <4} where u;; is the matrix in D with x;; = 1 and x,, = 0, uo # .
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In these coordinates D =~ (Z, p) where

X, + Yij ij=12,23,34,
p,(x, ) = Xi3 F i3+ kX j=13,
N X4 T Yoa T X333 j =24,

Xig T Vit kxpy tix;3y, =14

There are central extensions

(1) 0-2Z{u,)-D-D" -1

and

) 0 = Z{uyz, uyy) = D' = Zuyy, g3, Uzg) = 1
where D’ is defined by (1).

L(D’) has as Z-basis {u,,, Uy, Usy, U3, U} With [u)5, Uy] = kutys, [Uys, Uzy] =
lu,,. The integral cohomology ring is given by
H' =~ Z{v;, 3, 034,
H? m Z(0,303, 013034, 03303, Ux3024, V34045 X0 054 + Y013034)
OZ/k(013023)® Z/I{vy3034),
H? ~ Z{0,30130,3, 013013034, V13034024,
023013024 V23034034 S0 13023024 ~ 1023013034)
OZ/d{x0130)3024 T Y033013034) D Z/d(X 13X p3x3,)
where d = ged(k, !), x = k/d, y = 1/d, xt + ys = 1. The remaining cohomology is
determined by Poincaré duality.

The integral group cohomology H*(D’; Z) can be computed by (2). However, if
d > 1, then the Serre spectral sequence has an extension problem in dim3 and a
product in dim4 which is determined only up to filtration. This illustrates the
problems encountered using extensions (1) and (2) to compute the cohomology of D
and D’. Instead of pursuing this line, we shall apply our main result.

The invariant 1-forms of G’ = Dy are ¢;; = dx,;, ij = 12, 23, 34, ¢); = dx|3 —
kx ,dx,;, €54 = dx,4 — Ix,3dx;, (here for convenience we use left invariant forms).
Thus by the theorem of §4

H*(D';Q,) ~ H*(LD';Q,)
if r = 7. (The sum of the form weights of the ¢;; is 7 and the maximum form weight
of G'is 5.)

Similarly, LD =~ LD’ ® Z{u,,) as modules with [u,,, u,,] = ku,,, [U}3, U34] =
lu,,. The additional invariant 1-form is &, = dx;, — kx,,dx,, — Ix;3dx;, +
kix ,x,3dx,. Thus if r = 10, H*(D; Q,) =~ H*(LD; Q,) as modules.

The integral cohomology H*( LD; Z) is given by

H' =~ Z{v,3, 0y, 034),

H? = L0303, 013034, 013023, 0330245 024034 ) D Z/k {01303 )® Z/I{05303,)

OZL/d(xv)5054 + yv)3034),
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H’ =~ Z{0,,0,3014, 01013053, V13014034, 013023024, V140240345 Vp3024034)
BZ/k{013024034, 013013024k — 013014023)
BZ/I{v),0,3034, 013034034 T 01403034)
DZ/d(0),023034, X0 1305304 T PV 3053034) D Z/2ky( 50303054 — 103023034)

with d = ged(k, /) as before. Once again the remaining cohomology is determined
by Poincar¢ duality.

7. Alternate Lie algebras. In this paper, we have considered the algebraic group
Lie algebra Ly( D) associated with the torsion-free, nilpotent group D. There are, of
course, other Lie algebras which can be associated with D. Most of these are grades.
For example, Lazard [Lz] has observed that if G is a group and {G;} is an
N-sequence of subgroups, i.e. G, = G, (G;,G;) C G, then & G,;/G,,, is a graded
Lie algebra with addition induced by the group product and bracket induced by the
commutator. A classical example of an N-sequence is the lower central series {I;G}
defined inductively by I''G = G /T, ,G = (G, I;G). The resulting Lie algebra /(G) =
DTG /T, G has been studied extensively [H, Q]. From a homological point of view,
part of this interest stems from the fact that {I G} induces a filtration of the
classifying complex BG and hence a spectral sequence which takes the form
E, = H*(G; Z) with E, = H*(I(G); Z).

In general /( D) 5= Lg(D) even if R = Z. A simple example is Uy(k) (see 6.1);

(i) l(Uy(k)) =Z*> ® Z/k ® Z generated as an abelian group by u,,, Uy, U3, 2
respectively, where z is the class of uf;. The only nonzero bracket is [u,,, u,;] = z,

(i) L, (Uy(k)) = Z> generated by u,,, uy3, uy; with [u),, u,;] = kuy; the only
nonzero bracket.

Another important difference is that in general Lg(D) is not graded. Consider, for
example, the 7 dimensional nilpotent Lie algebra § over R with multiplication table

g: e e, e, e, es e e,
e 0 e, e, es e e, 0
e, 0 e e, -e4 0 0
e, 0 e, 0 0
e, 0 0 0 0
es 0 0
e 0 0
e, 0

Let G be the Baker-Campbell-Hausdorff group corresponding to 8. That is, G = §
as manifolds and the product on G is given by x - y = p(x, y) where p(x, y) = x +
vy +30x, y1+ 5{x [x, yl = [y, [x, y]]} + - -+ is the Baker-Campbell-Hausdorff
formula [S]. Since the structure constants of § are rational, there is a discrete
uniform subgroup D C G by Malcev’s results [M]. By the Lemma of 1.9, Lg(D) ® R

~ §; however it is easy to see that § cannot admit any nontrivial grading so neither
can Lg(D).
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In the case of the unipotent group U(Z) we have
PROPOSITION. L,(U/(Z)) = I(U/(Z)) as Lie algebras over Z.

PrOOF. Using the canonical basis {u,;: 1 <i <j < n} of the example in 1.5 as a
Z-basis for L,(U,(Z)) we have

u, ifj =k,
["us uyl = b(uij’ ) — by, uij) =y U, ifi=1,
0 otherwise.

On the other hand, the lower central series agrees with the upper central series in this
case and we have the commutator relation

u, ifj=k,
(w;u) =, uuug = {u', ifi=1
ijs Yki ij%riYij Yt Ue; =4,

1 otherwise.

Hence /(U(Z)) also has {u;;: 1 <i<j<n} as Z-basis and satisfies the same
bracket relations. O
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